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Abstract
The propagation of spherically expanding premixed flames is investigated, in both confined and unconfined
scenarios. In the unconfined case, the flame propagates at nearly isobaric conditions and the flame displace-
ment speed eventually reaches a constant value whereas in the confined case there is pressure buildup which
affects the flame displacement speed which increases as the flame grows larger. In the confined case, the
evolution of the flame with time is studied with emphasis on properties like pressure as a function of time,
temperature and velocity field in the channel and the displacement speed. The temperature profiles over
the domain are obtained which give an idea about the flame thickness at that instant in time. Effect of the
Lewis number on the behavior of the flame is examined in the unconfined scenario. Also, the effect of stretch
rate on local density weighted flame displacement speeds is studied, which indicates toward the consistent
definition of the flame displacement speed.
The numerical results are compared with a non-linear analytical model that treats the flame as a density
discontinuity. This model requires only solving the hydrodynamic equations along with the appropriate jump
conditions across the flame front. The main difference between the numerical and the analytical solution is
that the numerical solution takes into consideration a finite rate chemistry throughout the domain whereas in
the analytical solution the reaction rate is modeled as a delta function. Similarities and differences between
the analytical and the numerical solution are studied.
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Chapter 1
Introduction
Study of premixed flames is important as they are observed in many practical applications like spark ignition
engines for automobiles and in advanced gas turbine engine systems for power generation. Premixed flames
can be laminar or turbulent, although most of the premixed flames observed in practical applications are
turbulent, the study of laminar flames is of significance in the case the turbulent intensity is low and because
many findings can be applied to study of turbulent flames, which in some cases can be treated as perturbed
laminar flames.
The most important characteristic studied in the context of laminar premixed flames is the laminar flame
speed as it is useful in situations like burner design, predicting explosions, development and validation of
chemical kinetics mechanisms. The flame displacement speed is defined as the propagation speed of a flame
relative to the gas velocity. In case of planar, steadily propagating flames, the flame displacement speed
is called the laminar flame speed. In this case, the entire flame travels at a constant speed. For unsteady
and multi-dimensional flames, the flame displacement speed is a local property and depends on the choice
of iso-surface that is used to represent the flame surface.
The flame displacement speed changes based on the flow non-uniformities and flame curvature that is char-
acteristic of most practical situations, the combined effect is termed as the effect of flame stretch rate. Hence
it is imperative that for a comprehensive understanding of flame behavior the effect of stretch rate on dis-
placement speeds be studied. The relationship between flame displacement speed and stretch rate for weakly
stretched flames has been shown, theoretically, to be linear and the proportionality coefficient is called the
Markstein length which is of importance in studying and modeling turbulent premixed flames.
The equations governing flame propagation are in general complicated, they involve mass and momentum
conservation laws i.e. the viscous, compressible Navier Stokes equations and for energy and species conserva-
tion, the transport equations governing the heat conduction and diffusion of species. The equations involve
fluid dynamic non-linearities and exponential reaction rate terms. Treating this problem numerically is chal-
lenging also because there are multiple length and time scales involved. By making appropriate assumptions,
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theoretical models have been developed which make use of the disparate nature of scales and through asymp-
totic analysis, lead to a simplified problems. Often, the problem is linearized with the help of analytical
tools capable of simplifying non-linearities. Asymptotics is a tool which does just that and requires a large
parameter for its foundation, like the high activation energy. In high activation energy asymptotics, the
preheat zone is considered larger than the reaction zone by treating Zeldovich number, the non-dimensional
activation energy as a large parameter. This allows for an explicit solution that provides jump conditions
across the reaction zone accounting for the reaction-diffusion processes occurring therein.
The hydrodynamic theory assumes the whole flame to be thin as compared to the fluid flow length scale
involved in the problem. An example of this is the geometrical dimension (say radius) of the vessel in
which the combustion takes place. The incompressible hydrodynamic equations are solved on both sides of
the flame front and jump conditions are used (that ensure the continuity of velocity, mass and momentum
conservation across the flame front) along with an expression for the flame displacement speed to describe
the flow field. One of the earliest works on this were due to Darrieus (unpublished 1938 and 1945) and
Landau [1] who assumed the flame displacement speed to be constant in studying the stability of planar
premixed flames. Marktein [2] for the first time suggested the dependence of flame displacement speed on
flame curvature. A detailed work was published by Markstein later, [3] which included the expression for
flame displacement speed that was prescribed ignoring the structure of the flame completely. Sivashinsky [4]
divided the problem domain into three zones, the reaction zone, transport zone and the far field fluid zone
that were of the order of the inverse of Zeldovich number, order 1 and of the Zeldovich number respectively.
Clavin and Williams [5] further recognized the diffusion length scale as separate and divided the problem
domain similar to Sivashinsky [4] but using both the diffusion length scale and the Zeldovich number. They
assumed the flames to be slowly varying in space and time and derived an equation for flame surface evolution.
Pelce and Clavin [6] later derived jump conditions across the flame front using similar analysis. Matalon and
Matkowsky [7] through their rigorous analysis, generalized the results for arbitrary flame shapes and general
fluid flows. Effects of various parameters have been included in this model over the years, like thermal
expansion [5], differential and preferential diffusion [8, 5, 6], equivalence ratio, reaction order, temperature
dependence of transport coefficients [9], radiative losses [10] and transient pressure [11].
Studying spherical flames has been of great importance to the combustion research community. For extrac-
tion of laminar flame speeds and Markstein length, studying the unconfined and confined spherical flame
has been the most favorable due to simple flame configurations and a well defined stretch rate. General idea
is that the experimental flame front history is used to extract laminar flame speeds and Markstein lengths
using theoretical models relating the flame displacement speeds to the stretch rate.
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In case of confined spherical flames, one of the earliest works was due to Bradley and Mitcheson [12]. They
proposed relations between flame speed and temperature and pressure. Bush and Fendell [13] proposed
an expression for flame speed in case of unconfined flames that was related to pressure and temperature.
Sivashinsky [14] used this expression to extend the works of Bradley and Mitcheson [12] in the case of
confined flame propagation and included the effect of pressure rise on the modification of the reaction rate.
Confined spherical flames were studied more rigorously by Buckmaster and Lee [15] who included the effect
of heat loss as well and small pressure rise. Bechtold and Matalon [16] developed the theory to allow for
larger pressure variations where they adopted a delta function model of the reaction zone.
The goal of this study is to examine similarities and differences between a simple model that accounts
for the finite rate chemistry throughout the problem domain and a flame of finite thickness vis a vis the
hydrodynamic theory of weakly stretched premixed flames as applied to the case of spherically symmetric
flames in both unconfined and confined scenarios. The two models have been compared based on the solution
profiles, flame displacement speeds and Markstein lengths.
The present study is organized as follows. The first chapter presents the general problem, that of propaga-
tion of premixed, spherically symmetric flames, then the governing equations with simplifying assumptions
like neglecting gravitational effects and heat losses, global one step reaction mechanism, constant material
properties, equal molecular weights for species, and negligible spatial variation of pressure as a consequence
of low Mach number. Then non-dimensionalization of the governing equations has been carried out and
finally the non-dimensionalized governing equations have been presented which are used in the rest of the
study.
The second chapter describes the behavior of the unconfined flame. Two models have been looked at in this
context, the first is an analytical one based on the hydrodynamic theory and the second, is numerical solution
to the general governing equations presented in the first chapter, adopted for the case of unconfined flames,
i.e. the pressure being constant. The two models have been compared based on the solutions, specifically,
the temperature profiles, flow field profiles, flame displacement speeds and Markstein lengths.
The third chapter describes the behavior of the confined flame. Again, two models have been looked at in
this context, one based on the hydrodynamic theory and the numerical solution to the general equations from
the first chapter. The two models have been compared based on the time evolution of pressure, temperature
and flow field profiles at particular instances in time. The numerical solution is further analyzed to highlight
the effect of stretch rate on flame displacement speed at different vessel sizes. Concluding remarks have been
included in the end.
3
Chapter 2
Formulation
2.1 Problem description
In the following section, propagation of spherically expanding premixed flame will be studied. The flame is
assumed to be established at some point r = 0 in a combustible mixture at time t = 0 and it propagates
outwards in a spherically symmetric fashion enclosing the burnt products. The combustion is assumed to
follow a global one step reaction mechanism,
Fuel + ν Oxidizer → Products
where, ν is the stoichiometric ratio. The mixture is assumed to be lean in fuel and hence it is sufficient to
look at the evolution of the concentration of fuel alone.
2.2 General form of the governing equations
For simplicity the specific heats and molecular weights for all species are assumed equal. Also, viscosity
coefficient µ, thermal conductivity λ and the product of density and diffusion coefficient ρD are all assumed
constant. Under these assumptions,
the mass conservation equation is
Dρ
Dt
+ ρ∇ · ~v = 0
the momentum equation is
ρ
D~v
Dt
= −∇p+ µ(∇2~v + 1
3
∇(∇ · ~v))
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the energy conservation equation is
ρcp
DT
Dt
− λ∇2T = Dp
Dt
+ µφ+QBρY e−E/RT
the equation for the concentration of species is
ρ
DY
Dt
− ρD∇2Y = −BρY e−E/RT
and the equation of state is
p = ρRT
where, Q is the heat of combustion per unit mass of the reactant, B is the pre-exponential factor and E is
the activation energy and φ is the viscous dissipation. p, T and ~v have their usual meanings.
2.2.1 The low Mach Number approximation
The ordinary deflagration waves propagate at a speed much smaller than the speed of sound in air, so the
representative Mach number is very small (Ma << 1). The direct consequence of this is that pressure (p)
may be expressed as p = P (t) + γMa2 p′(x, t) + ..... The pressure is equalized instantaneously everywhere
with small spatial correction (p′) on the order of Ma2.
2.3 Non-dimensionalization of the governing equations
2.3.1 Non-dimensionalization parameters
The general equations presented above are adopted for the one dimensional, spherically symmetric case in
this study, and the parameters used to non-dimensionalize the governing equations are listed below (‘∼’
denotes dimensionless quantities)
r˜ =
r
lf
ρ˜ =
ρ
ρ0
p˜ =
p
P0
T˜ =
T
T0
Y˜ =
Y
Y0
R˜ =
R
lf
u˜ =
u
SL
t˜ =
SLt
lf
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where r is the radial coordinate, u is the velocity of the mixture in the radial direction. ρ0, Y0, T0 and
P0 are the density, fuel mass fraction, temperature and pressure of the fresh, unburnt mixture. The flame
thickness is give by lf = Dth/SL where SL is the laminar flame speed (under isobaric, adiabatic conditions
for a planar flame), Dth = λ/ρ0cp is the thermal diffusivity of the mixture and cp is the specific heat of the
mixture at constant pressure.
The adiabatic flame temperature Ta and laminar flame speed SL are properties of a given mixture. The
adiabatic flame temperature is given by
Ta = T0 +
QY0
cp
(2.3.1)
but the flame speed SL needs to be determined numerically. An approximation to SL for β → ∞ is given
by
(SL)Asym =
√
2DthB
σβ2Le−1
e−E/2RTa (2.3.2)
β, the Zel’dovich number is defined as β =
E(Ta − T0)
RTa
2 .
2.3.2 Non-dimensionalized governing equations
Upon implementing the above mentioned non-dimensionalization and removing the ‘∼’ symbol for the sake of
keeping equations clutter free, and noting the one dimensional spherically symmetric nature of the problem,
the mass conservation equation is
∂ρ
∂t
+
1
r2
∂
∂r
(r2ρu) = 0
the energy conservation equation is
ρ
∂T
∂t
+ ρu
∂T
∂r
− 1
r2
∂
∂r
(r2
∂T
∂r
) = qω +
γ − 1
γ
dP
dt
the momentum equation is
ρ
(
∂u
∂t
+ u
∂u
∂r
)
= −∂p
′
∂r
+ Pr
(
1
r2
∂
∂r
(
r2
∂u
∂r
)
+
1
3
∂
∂r
(
1
r2
∂
∂r
(r2u)
))
the equation for the concentration of species is
ρ
∂Y
∂t
+ ρu
∂Y
∂r
=
1
Le
1
r2
∂
∂r
(r2
∂Y
∂r
)− ω
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and the equation of state is
P (t) = ρT
where
ω =
β2
2s2LLe
P (t)Y
1 + q
T
exp
(
β(T − (1 + q))
(qT )/(1 + q)
)
Being a one dimensional problem, the sole purpose of the momentum equation is to determine the pressure
field (p′), which, if needed, can be obtained a-posteriori. Hence, in the discussions to follow, this equation
has not been discussed.
The additional symbols that have been introduced are as follows,
q is the heat release parameter given by
QY0
cpT0
. The thermal expansion parameter (σ) is the ratio of adiabatic
flame temperature and temperature of the fresh mixture. In terms of non dimensional parameters it is given
as σ = Ta. The parameter sL, calculated numerically is the ratio of the laminar flame speed (SL) to the
flame speed in the asymptotic limit (SL)Asym.
sL =
SL
(SL)Asym
(2.3.3)
The asymptotic formula estimates the laminar flame speed correctly as β →∞, for a finite β, depending on
Le, the flame speed parameter sL is the proportionality constant, which differs from 1, its value at β →∞.
The Lewis number is defined as the ratio of thermal diffusivity to mass diffusivity, that is, Le = Dth/D. The
Prandtl number is the ratio of the viscous to the thermal diffusivity of the mixture, Pr = µcp/λ. Looking
at Eqn. (2.3.1) and the definition of q, it can be seen that,
Ta = 1 + q = σ
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Chapter 3
Unconfined flame
In this chapter, the propagation of spherically expanding premixed flame in an unconfined environment will
be studied. The pressure in this type of setting is just the atmospheric pressure and is denoted mathematically
by P (t) = 1 in the non-dimensional form.
Figure 3.1: Configuration of the unconfined flame problem
3.1 Unconfined flame, the analytical solution
3.1.1 The hydrodynamic model
The formulation presented here is based on the hydrodynamic model first presented by Matalon and
Matkowsky [7] and generalized later by Matalon et. al. [9]. In the limit of small flame thickness rela-
tive to the characteristic dimension of the problem, the entire flame, consisting of the preheat and reaction
zones, shrinks to a surface r = Rf (t), that propagates relative to the fresh mixture at a speed Sf , and the
formulation reduces to a hydrodynamic problem with a moving free surface, the flame front. To mimic the
diffusion and reaction processes occurring within the flame zone, jump conditions must be satisfied across
the flame surface. The jump conditions as given by the hydrodynamic theory consist of Rankine-Hugoniot
8
conditions to the leading order, with corrections of the order of the flame thickness. Away from the flame,
diffusion and reaction effects are negligible and the non dimensionalized governing equations from sec. 2.3.2
reduce to
the mass conservation equation
∂ρ
∂t
+
1
r2
∂
∂r
(r2ρu) = 0
the energy conservation equation
ρ
∂T
∂t
+ ρu
∂T
∂r
= 0
the equation for the conservation of species
ρ
∂Y
∂t
+ ρu
∂Y
∂r
= 0
the equation of state
ρT = 1
these are solved along with the aforementioned jump conditions.
The solution to above formulation is given as, in non-dimensional terms,
Temperature, which implies density is given as,
T =

Ta = σ r < Rf (t)
1 r > Rf (t)
the species concentration is given as,
Y =

0 r < Rf (t)
1 r > Rf (t)
and the mass conservation implies that the velocity is given by
u(r, t) =

0 r < Rf (t)
(σ − 1− ζK)R
2
f
r2 r > Rf (t)
with
ζ =
1
2
β(Le− 1)
∫ σ
1
ln
(
σ − 1
x− 1
)
1
x
dx
it can be seen that as a result of gas expansion, the gas velocity also suffers a jump.
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If the flame is considered as a wave that propagates normal to itself against the fresh mixture, the flame
displacement speed is defined as,
Sf ≡ v.n−Vf .n
where Vf is the absolute speed of the iso-surface selected to represent the flame front, n is the unit normal
to that iso-surface and v is the flow velocity. In this study, temperature iso-surfaces in the flame region have
been used to represent the flame surface.
The theory provides an equation for the local flame displacement speed as defined above, given in non-
dimensional terms as,
Sf = 1− LK (3.1.1)
Sf is related to the underlying flow field through the local stretch rate, K, which includes not only a curva-
ture term as per Markstein [3], but also a dependence on the hydrodynamic strain experienced by the flame,
and the Markstein length, L, that accounts for the diffusion and reaction processes occurring in the flame
zone and is a property of the fuel type, reactivity and mixture composition. The stretch rate is a geometrical
property of the flame surface, a measure of the surface deformation, and is defined as
K ≡ 1
A
dA
dt
=
2R˙f
Rf
The second equality is specific for the current case, the case of spherically symmetric flames.
Experimentalists have used the eqn. (3.1.1) for extracting values of laminar flame speed by extrapolating the
data to zero stretch rate and/or to measure the Markstein length to incorporate in the study of turbulent
flames. However, the agreement between theoretical prediction and experimental observation has not been
complete as there have been variations due to different experimental configurations and different reference
locations within the flame zone. It has been recognized through careful examination of the asymptotic
studies that the reference location chosen for flame measurements is of major importance and could explain
some of the differences.
In order to be able to compare the numerical and/or experimental data with the model, the Markstein length
needs to be derived for every choice of temperature iso-surface inside the thin flame to represent the flame
surface, hence a composite solution needs to be derived through rigorous asymptotic analysis, the details
can be found in [9].
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Figure 3.2: Density weighted flame displacement speed S˜∗f vs. stretch rate K for Le = 1.0, β = 10, σ = 6,
as per the analytical solution.
The following results have been taken from [17] and are specialized for spherically expanding flames propa-
gating into a quiescent combustible mixture with constant properties. They are presented here in the non
dimensional form.
The density weighted flame displacement speed (S˜f =
ρ
ρ0
Sf ) at a location within the flame zone is given
by
S˜∗f = 1−
(
α−
∫ T∗
1
1
x
dx− σ − 1
σ
∫ σ
T∗
1
x− 1dx
)
K
where T ∗ is the temperature at r = r∗ within the preheat zone. Clearly, S˜∗f depends on the stretch rate K
linearly and the relationship is of the form S˜∗f = 1− L∗K, where
L∗ =
(
α−
∫ T∗
1
1
x
dx− σ − 1
σ
∫ σ
T∗
1
x− 1dx
)
is the corresponding Markstein length. The coefficient α is given by
α =
σln(σ)
σ − 1 +
β(Le− 1)
2(σ − 1)
∫ σ
1
ln(x)
x− 1dx
As it can be seen from fig. 3.2, closer to the burned side, i.e. higher T ∗, the curves collapse on top of each
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other and hence, as per the asymptotic theory, the consistent definition of flame front and the associated
flame displacement speed should be based on a representative iso-surface close to the burned side of the
flame.
At the reaction sheet, T ∗ = σ and L∗ is the burned Markstein length, Lb and the flame displacement speed
relative to the burned gas, which is simply the propagation speed in this case, can be written as,
R˙bf = σ(1− LbK) (3.1.2)
where
Lb = ln(σ)
σ − 1 +
β(Le− 1)
2(σ − 1)
∫ σ
1
ln(x)
x− 1dx
and for higher flame radii, the stretch rate value goes close to zero and the above expression approaches the
constant value of σ.
3.2 Unconfined flame, the numerical solution
3.2.1 Non-dimensionalized governing equations
As P (t) = 1 is constant in this case, the non-dimensional equations from sec. 2.3.1 can be adapted for this
case as,
the continuity equation is
∂ρ
∂t
+
1
r2
∂
∂r
(r2ρu) = 0
the energy conservation equation is
ρ
∂T
∂t
+ ρu
∂T
∂r
− 1
r2
∂
∂r
(r2
∂T
∂r
) = qω
the equation for the concentration of species is
ρ
∂Y
∂t
+ ρu
∂Y
∂r
− 1
Le
1
r2
∂
∂r
(r2
∂Y
∂r
) = −ω
the equation of state is
ρT = 1
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where
ω =
β2
2s2LLe
Y
1 + q
T
exp
(
β(T − (1 + q))
(qT )/(1 + q)
)
subject to
At r = 0
∂Y
∂r
= 0
∂T
∂r
= 0
and as r →∞
T = 1 Y = 1
with the parameters β, Le, q and sL = sL (β, Le, q) where, sL is calculated as a solution to an eigenvalue
problem, the details of which can be found in the appendix.
3.2.2 Expression for the velocity field
Multiplying the continuity equation above by T , then adding it to the energy conservation equation and
using the equation of state, we get,
∂
∂r
(
ur2
)
= r2
(
1
r2
∂
∂r
(
r2
∂T
∂r
)
+ qω
)
If the above equation is integrated from 0 to r using the boundary conditions at r = 0, an expression for the
velocity field is obtained as
u(r, t) =
∂T
∂r
∣∣∣∣
r
+
q
r2
∫ r
0
ωr2dr
3.2.3 The form of equations as implemented in the code
The above equations were solved numerically, and for that purpose, they have been written in the following
format for more intuitive understanding of the following section on their implementation
∂T
∂t
= −
(
u− 2
ρr
)
∂T
∂r
+
1
ρ
∂2T
∂r2
+
q
ρ
ω (3.2.1)
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∂Y
∂t
= −
(
u− 2
ρrLe
)
∂Y
∂r
+
1
ρLe
∂2Y
∂r2
− 1
ρ
ω (3.2.2)
ρ =
1
T
(3.2.3)
u(r, t) =
∂T
∂r
∣∣∣∣
r
+
q
r2
∫ r
0
ωr2dr (3.2.4)
ω =
β2
2s2LLe
Y
1 + q
T
exp
(
β(T − (1 + q))
(qT )/(1 + q)
)
(3.2.5)
subject to:
At r = 0 and r = R
∂Y
∂r
= 0
∂T
∂r
= 0
R is a finite large number, that approximates ∞ for numerical implementation.
3.3 Numerical implementation
3.3.1 Finite difference schemes
A finite difference approach is used to realize the formulation numerically. N + 1 equally spaced grid points
are assumed to span the domain, the points are numbered as 0,1, 2.... N − 1, N .
The 1st order spatial derivatives involved in eqns. (3.2.1), (3.2.2) and (3.2.4) were calculated using a 2nd
order accurate central difference scheme as mentioned below.
For the inner nodes from i = 1 to N − 1,
(
∂T
∂r
)
i
=
1
2∆r
(Ti+1 − Ti−1)
For the nodes i = 0 and i = N , one sided differencing schemes of a lower order of accuracy were imple-
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mented. (
∂T
∂r
)
0
=
1
∆r
(−T0 + T1) (3.3.1)
(
∂T
∂r
)
N
=
1
∆r
(TN − TN−1) (3.3.2)
The 2nd order spatial derivatives involved in eqns. (3.2.1) and (3.2.2) were also calculated using 2nd order
accurate central differencing schemes as mentioned below.
For the inner nodes from i = 1 to N − 1,
(
∂2T
∂r2
)
i
=
1
(∆r)2
(Ti−1 − 2Ti+ Ti+1)
For the nodes i = 0 and i = N , one sided differencing schemes of a lower order of accuracy were imple-
mented. (
∂2T
∂r2
)
0
=
1
(∆r)2
(T0 − 2T1 + T2)
(
∂2T
∂r2
)
N
=
1
(∆r)2
(TN − 2TN−1 + TN−2)
3.3.2 Time integration scheme
The time integration of eqns. (3.2.1), (3.2.2) was done using RK4, the fourth order Runge Kutta method,
the details of which are given below. Here, n denotes the nth time instant.
kt1 = ∆t (F (Tn, Yn, tn))
kt2 = ∆t
(
F
(
Tn +
kt1
2
, Yn +
ky1
2
, tn +
∆t
2
))
kt3 = ∆t
(
F (Tn +
kt2
2
, Yn +
ky2
2
, tn +
∆t
2
)
)
kt4 = ∆t (F (Tn + kt3, Yn + ky3, tn + ∆t))
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and in the end,
Tn+1 = Tn +
1
6
(kt1 + 2kt2 + 2kt3 + kt4)
where,
F =
qω
ρ
+
(
2
rρ
− u
)
∂T
∂r
+
1
ρ
(
∂2T
∂r2
)
similar expressions exist for calculating Yn+1 with F replaced by G, given as
G = −ω
ρ
+
(
2
Le
1
rρ
− u
)
∂Y
∂r
+
1
ρLe
(
∂2Y
∂r2
)
The above expressions for F and G follow from eqns. (3.2.1), (3.2.2).
3.3.3 Boundary condition implementation
The boundary conditions ∂T∂r = 0 at r = 0 and r = R are implemented by setting
(
∂T
∂r
)
0
= 0,
(
∂T
∂r
)
N
= 0
and calculating T0 and TN in terms of the neighboring values, refer eqns. (3.3.1), (3.3.1). The conditions
∂Y
∂r = 0 at r = 0 and r = R are implemented in a similar way. Effectively,
T0 = T1 TN = TN−1
and similar expressions can be derived for Y0 and YN
3.3.4 Initial condition
The time integration of equations eqns. (3.2.1) and (3.2.2) is started by providing some initial condition
that is close to the expected T and Y profiles. Error function profiles were chosen for this purpose.
T = 1 + q
(
1 + erf (c(a− r))
2
)
Y =
1 + erf (c(r − a))
2
where c and a determine the steepness of the profiles and initial flame position respectively. The initial
profiles for ρ, u and ω are calculated using eqns (3.2.3), (3.2.4) and (3.2.5) respectively.
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3.3.5 Flame position
Two different definitions to find the flame location Rf at any instant were used,
 flame position that gives the consumption speed
 the location where T = T ∗, i.e. the iso-surface corresponding to T ∗
As per the first definition, the location of the flame was determined as,
Rf =
∫ R
0
rωdr∫ R
0
ωdr
As per the second definition, the location of T ∗ was found using piece-wise cubic spline interpolation in the
flame region where the temperature changes were monotonic.
Once the value of Rf was computed as a function of time, the derivative R˙f =
∂Rf
∂t
was evaluated using
second order central difference method.
3.3.6 Pseudo-code
The following procedure was used for realizing the numerical formulations explained in the section above.
Set up the initial conditions for T , ρ , Y , ω and u profiles over the domain
while {flame has not reached the end of the domain}
{
 Apply Boundary Conditions
 Calculate the derivatives
(
∂T
∂r
)
and
(
∂Y
∂r
)
for advection terms
 Calculate derivatives
(
∂2T
∂r2
)
and
(
∂2Y
∂r2
)
for diffusion terms
 Integrate eqn. (3.2.1) for kt1 (using u, ω, ρ,
(
∂T
∂r
)
,
(
∂2T
∂r2
)
from previous time step) find the intermediate
temperature Tint = Tn +
kt1
2
 Integrate eqn. (3.2.2) for ky1 (using u, ω, ρ,
(
∂Y
∂r
)
,
(
∂2Y
∂r2
)
from previous time step) find the intermediate
Y , Yint = Yn +
ky1
2
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 Calculate intermediate ρ, ρint per eqn. (3.2.3)
 Calculate intermediate ω, ωint per eqn. (3.2.5)
 Apply Boundary Conditions for spatial derivative of temperature
 Calculate
(
∂Tint
∂r
)
 Calculate intermediate u from eqn.(3.2.4) (using
(
∂Tint
∂r
)
and ωint)
 Repeat above procedure to implement Runge Kutta method until kt4 and ky4 are found as in sec.
3.3.2
 calculate Tn+1, Yn+1 as in sec. 3.3.2
 calculate ρn+1, ωn+1 as per eqns. (3.2.3) and (3.2.5) respectively
 Apply Boundary Conditions for spatial derivative of temperature
 Calculate
(
∂T
∂r
)
n+1
 Calculate un+1 from eqn.(3.2.4) (using
(
∂T
∂r
)
n+1
and ωn+1)
 Calculate the flame position Rf as in sec. 3.3.5 (using Tn+1 and ωn+1)
}
end while
3.4 Results and discussion
The numerical simulations were run at σ = 6, β = 10 and a few different Le values. Solutions have been
presented here.
It can be seen from fig. 3.3, 3.4, 3.5 that the temperature profile shows an excellent agreement with the
analytical solution from sec. 3.1.1 and though the profile for species concentration have not been included
here, they agree well with the theory as well. As seen in figs. 3.6, 3.7 and 3.8, the velocity profile shows
a jump as predicted by theory in all Le cases. The agreement between theory and numerics is greater as
the flame size increases, as the effects due to initial condition subside which can be seen from figs. 3.9,
3.10 and 3.11. As can be seen from fig. 3.13, the curve for flame location definition based on consumption
18
r
0 100 200 300 400 500 600 700 800 900 1000
T
1
2
3
4
5
6
Figure 3.3: T Vs. r for Le = 1.0, β = 10, σ = 6 at different time instances
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Figure 3.4: T Vs. r for Le = 1.2, β = 10, σ = 6 at different time instances
speed, is close to the burned side and hence that definition can be used for comparison of asymptotic results
to numerical. It can be seen in fig. 3.14, irrespective of Le, the flame displacement speed approaches the
constant value of σ as predicted by the asymptotic theory in eqn. (3.1.2).
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Figure 3.5: T Vs. r for Le = 0.8, β = 10, σ = 6 at different time instances
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Figure 3.6: u Vs. r for Le = 1.0, β = 10, σ = 6 at different time instances
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Figure 3.7: u Vs. r for Le = 1.2, β = 10, σ = 6 at different time instances
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Figure 3.8: u Vs. r for Le = 0.8, β = 10, σ = 6 at different time instances
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Figure 3.9: u Vs. r for Le = 1.0, β = 10, σ = 6
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Figure 3.10: u Vs. r for Le = 1.2, β = 10, σ = 6
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Figure 3.11: u Vs. r for Le = 0.8, β = 10, σ = 6
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Figure 3.12: ω Vs. r for Le = 1.0, β = 10, σ = 6, zoomed in
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Figure 3.13: Density weighted flame displacement speed S˜∗f Vs. stretch rate K for Le = 1.0, β = 10, σ = 6.
The
∫
ω refers to the consumption speed based definition of the flame position.
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Figure 3.14: R˙f Vs. Rf for β = 10, σ = 6, flame location based on the consumption speed definition
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Figure 3.15: Markstein number, L∗ as a function of the temperatures, T ∗ that are used to define the flame
position. The * denotes the numerical solution and the line denotes asymptotic.
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Chapter 4
Confined Flame
In this chapter, propagation of the spherically symmetric premixed flame is studied inside a spherical vessel.
The important distinction in this case from the unconfined scenario described in the last chapter is that the
pressure (P (t)) is not constant, and there is a pressure buildup. This increase in pressure induces a flow
field and additionally heats the gases through adiabatic compression. The flame is affected in two ways,
the pressure induced flow field advects the flame surface while the compression and heating modifies the
chemical reaction rate and thus the flame propagation rate. Two different models are discussed to solve this
problem. The first is numerical solution to the full form of the governing equations with finite reaction rate
over the entire domain, whereas the second is the hydrodynamic model which is an analytical solution to the
governing equations with the simplifying approximation of a reaction rate approximated by a delta function
in the flame region.
4.1 Non-dimensionalized governing equations
Reproducing the full form of non dimensional equations from sec. 2.3.2,
the mass conservation equation is
∂ρ
∂t
+
1
r2
∂
∂r
(r2ρu) = 0
the energy conservation equation is
ρ
∂T
∂t
+ ρu
∂T
∂r
− 1
r2
∂
∂r
(r2
∂T
∂r
) = qω +
γ − 1
γ
dP
dt
the equation for the concentration of species is
ρ
∂Y
∂t
+ ρu
∂Y
∂r
=
1
Le
1
r2
∂
∂r
(r2
∂Y
∂r
)− ω
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Figure 4.1: Configuration of the confined flame problem
the equation of state is
P (t) = ρT
where
ω =
β2
2s2LLe
P (t)Y
1 + q
T
exp
(
β(T − (1 + q))
(qT )/(1 + q)
)
subject to
At r = 0 and r = R
∂Y
∂r
= 0
∂T
∂r
= 0 u = 0
where R is the non dimensional radius of the vessel.
4.2 Velocity field and pressure
Multiplying the mass conservation equation by T , then adding it to the energy conservation equation and
using the equation of state we get,
∂
∂r
(
ur2
)
=
r2
P
(
1
r2
∂
∂r
(
r2
∂T
∂r
)
− 1
γ
dP
dt
+ qω
)
(4.2.1)
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If the above equation is integrated from 0 to r using the boundary conditions at r = 0, an expression for the
velocity field is obtained as
u(r, t) =
1
P
(
∂T
∂r
∣∣∣∣
r
− 1
γ
dP
dt
r
3
+
q
r2
∫ r
0
ωr2dr
)
If the above equation is evaluated at r = R, we have,
dP
dt
=
3γq
R3
∫ R
0
ωr2dr
This equation is then integrated in time to obtain the pressure at every time step.
4.2.1 Final Equations and boundary conditions
The above equations were solved numerically, and for that purpose, they have been written in the following
format for more intuitive understanding of the following section on their implementation
∂T
∂t
= −
(
u− 2
ρr
)
∂T
∂r
+
1
ρ
∂2T
∂r2
+
(
γ − 1
γ
)
1
ρ
dP
dt
+
q
ρ
ω (4.2.2)
∂Y
∂t
= −
(
u− 2
ρrLe
)
∂Y
∂r
+
1
ρLe
∂2Y
∂r2
− 1
ρ
ω (4.2.3)
ρ =
P (t)
T
(4.2.4)
u(r, t) =
1
P
(
∂T
∂r
∣∣∣∣
r
− 1
γ
dP
dt
r
3
+
q
r2
∫ r
0
ωr2dr
)
(4.2.5)
dP
dt
=
3γq
R3
∫ R
0
ωr2dr (4.2.6)
ω =
β2
2s2LLe
P (t)Y
1 + q
T
exp
(
β(T − (1 + q))
(qT )/(1 + q)
)
(4.2.7)
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subject to
At r = 0 and r = R
∂Y
∂r
= 0
∂T
∂r
= 0 u = 0
4.3 Numerical Implementation
The finite difference schemes and boundary condition implementation were the same as in the unconfined
case, the details of which can be found in secs. 3.3.1 and 3.3.3. The initial conditions are also implemented
in the same fashion as in sec. 3.3.4 with the addition of P = 1 and calculation of dPdt as per eqn. (4.2.6)
using the ω initial condition. Time integration scheme and the pseudo-code sections similar to secs. 3.3.2
and 3.3.6 are warranted here as there are differences due to the pressure term involved in this case.
4.3.1 Time integration scheme
Similar to the unconfined case, the time integration of eqns. (4.2.2), (4.2.3) and (4.2.6) was done using RK4,
the fourth order Runge Kutta method, the details of which are given below. Here, n denotes the nth time
instant.
kt1 = ∆t (F (Tn, Yn, Pn, tn))
kt2 = ∆t
(
F
(
Tn +
kt1
2
, Yn +
ky1
2
, Pn +
kp1
2
, tn +
∆t
2
))
kt3 = ∆t
(
F (Tn +
kt2
2
, Yn +
ky2
2
, Pn +
kp2
2
, tn +
∆t
2
)
)
kt4 = ∆t (F (Tn + kt3, Yn + ky3, Pn + kp3, tn + ∆t))
and in the end,
Tn+1 = Tn +
1
6
(kt1 + 2kt2 + 2kt3 + kt4)
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where,
F =
qω
ρ
+
(
2
rρ
− u
)
∂T
∂r
+
1
ρ
(
∂2T
∂r2
+
)
+
(
γ − 1
γ
)
1
ρ
dP
dt
similar expressions exist for calculating Yn+1 and Pn+1 with F replaced by G and H respectively, given
as
G = −ω
ρ
+
(
2
Le
1
rρ
− u
)
∂Y
∂r
+
1
ρLe
(
∂2Y
∂r2
)
H =
3γq
r3
∫ R
0
ωr2dr
The above expressions for F , G and H follow from eqns. (4.2.2), (4.2.3) and (4.2.6).
4.3.2 Pseudo-code
The following procedure was used for realizing the numerical formulations for the confined case explained in
the section above.
Set up the initial conditions for T , ρ , Y , ω and u profiles over the domain, dPdt based on the ω profile as
per eqn. (4.2.6) and P = 1, the initial condition for pressure.
while {flame has not reached the end of the domain}
{
 Apply Boundary Conditions
 Calculate the derivatives
(
∂T
∂r
)
and
(
∂Y
∂r
)
for advection terms
 Calculate derivatives
(
∂2T
∂r2
)
and
(
∂2Y
∂r2
)
for diffusion terms
 Integrate eqn. (3.2.1) for kt1 (using u, ω, ρ,
(
∂T
∂r
)
,
(
∂2T
∂r2
)
from previous time step) find the intermediate
temperature Tint = Tn +
kt1
2
 Integrate eqn. (3.2.2) for ky1 (using u, ω, ρ,
(
∂Y
∂r
)
,
(
∂2Y
∂r2
)
from previous time step) find the intermediate
Y , Yint = Yn +
ky1
2
 Integrate eqn. (4.2.6) for kp1 find the intermediate P , Pint = Pn +
kp1
2
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 Calculate intermediate ρ, ρint per eqn. (4.2.4)
 Calculate intermediate ω, ωint per eqn. (4.2.7)
 Apply Boundary Conditions for spatial derivative of temperature
 Calculate
(
∂Tint
∂r
)
 Calculate
(
dPint
dt
)
as in eqn.(4.2.6) (using ωint)
 Calculate intermediate u from eqn.(4.2.5) (using
(
∂Tint
∂r
)
,
(
dPint
dt
)
and ωint)
 Repeat above procedure to implement Runge Kutta method until kt4, ky4 and kp4 are found as in
section 3.3.2
 Calculate Tn+1, Yn+1, Pn+1
 Calculate ρn+1, ωn+1 per eqns. (4.2.4) and (4.2.7) respectively
 Apply Boundary Conditions for spatial derivative of temperature
 Calculate
(
∂T
∂r
)
n+1
 Calculate the derivative
(
dP
dt
)
n+1
as in eqn.(4.2.6) (using ωn+1)
 Calculate un+1 from eqn.(4.2.5) (using Pn+1,
(
∂T
∂r
)
n+1
,
(
dP
dt
)
n+1
and ωn+1)
 Calculate the flame position Rf as in sec. 3.3.5 (using Tn+1 and ωn+1)
}
end while
4.4 Confined flame, the analytical solution
4.4.1 The hydrodynamic model
The full form of the non-dimensionalized governing equations can be re-scaled to see the similarity between
the hydrodynamic model and the numerical solution governed by the equations described above. Time was
re-scaled as tˆ =
t
R
and the spatial coordinate as rˆ =
r
R
where
1
R
<< 1, R being the non dimensionalized
radius of the vessel. For the sake of simplicity the symbolˆis dropped from all of the terms below.
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As per the re-scaling, 0 ≤ r ≤ 1.
In the limit of large R (R >> 1) and away from the flame, where ω ≈ 0 the equations simplify as follows
the mass conservation equation becomes
∂ρ
∂t
+
1
r2
∂
∂r
(r2ρu) = 0
the energy conservation equation becomes
ρ
∂T
∂t
+ ρu
∂T
∂r
=
(
γ − 1
γ
)
dP
dt
the equation for the conservation of species becomes
ρ
∂Y
∂t
+ ρu
∂Y
∂r
= 0
the equation of state is
P (t) = ρT
From (4.2.1), we also have,
∂
∂r
(ur2) =
r2
P
(−1
γ
dP
dt
)
(4.4.1)
Now, if the t and r are re-scaled back to the original variables, the equations will not change. Going back
to the original variables, Using the equation of state, the energy equation can be rewritten as
ρ
∂
∂t
(
P
ρ
) + ρu
∂
∂r
(
P
ρ
) =
γ − 1
γ
dP
dt
Since P is only a function of t, the above relation can be simplified as follows
γ
P
ρ
Dρ
Dt
=
DP
Dt
This equation can be written as
D
Dt
(ρ−1P 1/γ) = 0. (4.4.2)
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Thus
Ds
Dt
= 0 (4.4.3)
where
s = ρ−1P 1/γ
s is defined as the entropy function.
These equations need to be solved subject to the Rankine Hugoniot jump relations across the interface which
is the flame front. ~n is unit normal pointing inward towards the burnt gas, and the flame front is given by
F (r, t) = 0, or explicitly by r = Rf (t). The Rankine Hugoniot relations are
Jρ(~v.~n− R˙f )K = 0 (4.4.4)
JT K = q (4.4.5)
where J.K denotes the jump in the value, i.e value on the burnt side minus that on the unburnt side.
The energy conservation equation can be integrated throughout the volume of the vessel to find the relation
for pressure rise with time as
dP
dt
=
γq
V
∫
ωdV
where V is the volume of the vessel. When the flame shrinks to a surface, this relation becomes
dP
dt
=
γq
V
lim
∆n→0
∫
∆n
∫
surface
ω′δ(n)dSdn
where δ is the Dirac-δ function and n is measured along the normal to the flame surface and ω′ is the surface
reaction rate.
Thus the pressure rise can be determined from
dP
dt
=
γq
V
∫
ω′dS (4.4.6)
Integration of the equation for concentration of species across the flame surface gives
Jρ(v · n− R˙f )Y K = −ω′
which can be further rewritten as
MJY K = ω′
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such that
ω′ = M
The relation for pressure rise in the vessel becomes
dP
dt
=
3γqMR2f
R3
(4.4.7)
where, the expression for Rf as a function of P is found in the discussion to follow. The dependence of the
mass burning rate, M on pressure and flame temperature is assumed of the form
M = P 1/2
(
Tf
Ta
) 3
2
e
(
β0
2
(
1
Ta
− 1Tf
))
(4.4.8)
which is a generalization of the analytical expression derived for unconfined planar flames, where Tf is the
flame temperature, the details on this can be found in sec. 4.4.8. This relation is adopted here as, for large
flame radius, the spherical flame is thought to behave like a planar flame, locally. Here β0 is the activation
energy parameter given by β0 =
E
RT0
. We note that a relation between β and β0 is β0 = β
(q + 1)2
q
.
4.4.2 Summary of the governing equations for the Hydrodynamic model
The mathematical problem involves solving the following time dependent one dimensional equations.
∂
∂r
(ur2) = − r
2
γP
dP
dt
P = ρT
Ds/Dt = 0, where s = ρ−1P
1
γ
dP/dt =
3γqMR2f
R3
where
M = P 1/2
(
Tf
Ta
) 3
2
e
(
β0
2
(
1
Ta
− 1Tf
))
Across r = Rf (t)
Jρ(u− R˙f )K = 0 (4.4.9)
JT K = q (4.4.10)
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4.4.3 Velocity profile
For the burnt region, the boundary condition is given by, u = 0 at r = 0
Integrating (4.4.1) and applying the above boundary condition, we get
ub = − p˙
3γP
r (4.4.11)
For the un-burnt region, the boundary condition is given by, u = 0 at r = R. Integrating (4.4.1) and
applying the above boundary condition, we get
uu =
p˙
3γP
(
R3
r2
− r
)
(4.4.12)
The velocity profile over the entire domain then looks like,
u(r, t) =

− p˙
3γP
r r < Rf
p˙
3γP
(
R3
r2 − r
)
r > Rf
4.4.4 Density and temperature in the unburnt region
From equation (4.4.3) we have
Ds
Dt
= 0
or s is constant along a streamline.
s = ρ−1P
1
γ
Initialy, P = 1 and ρ = 1
which leads to
ρ−1P
1
γ = 1
which gives the density in the un-burnt region as
ρu = P
1
γ (4.4.13)
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and the temperature in the un-burnt region as
Tu =
P
ρ
= P
γ−1
γ (4.4.14)
4.4.5 Density and temperature at the flame on the burnt side
Using the temperature jump relation, the temperature at the flame on the burnt side at Rf - is given as
Tf - = P
γ−1
γ + q (4.4.15)
and the density at the flame on the burnt side, Rf - is given as
ρf - =
P
Tf -
=
P
P
γ−1
γ + q
(4.4.16)
Applying the jump relation as mentioned in (4.4.9), we have
ρ(u− R˙f )|Rf− = ρ(u− R˙f )|Rf+ (4.4.17)
4.4.6 Flame Position
Substituting the expressions obtained from equations (4.4.11), (4.4.12), (4.4.13) and (4.4.16) into (4.4.17),
we get
P
P
γ−1
γ + q
(
− 1
3γ
P˙
P
Rf − R˙f
)
= P
1
γ
(
1
3γ
P˙
P
(
R3
R2f
−Rf )− R˙f
)
which can be simplified as
d
dt
(PR3 + γq(P
1
γ (R3 −R3f ))) = 0
or
(PR3 + γq(P
1
γ (R3 −R3f ))) = constant = C(say) (4.4.18)
Applying the initial condition, at t = 0 we have P = 1 and Rf =0
R3(1 + γq) = C
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Also at Rf =R, when the flame reaches the boundary of the vessel, P = Pe, the end pressure which
gives
PeR
3 = C
Thus from the last two equations, we get the end pressure in the confined channel Pe as
Pe = 1 + γq = constant (4.4.19)
Combining equations eqns. (4.4.4) and (4.4.19), we get a relation for the position of the flame as a function
of the pressure P and the end pressure Pe as follows,
Rf = R
(
1− (Pe − P
Pe − 1 )P
− 1γ
) 1
3
(4.4.20)
4.4.7 Density and Temperature in the burnt region
From eqn. (4.4.3) we have
Ds
Dt
= 0
that is
∂s
∂t
+ u
∂s
∂r
= 0
where
s = TP
1−γ
γ
Substituting eqn. (4.4.11) in the above equation, we get
∂s
∂t
− 1
3γ
P˙
P
r
∂s
∂r
= 0
The general solution to this equation is given by
s = ψ(rP
1
3γ )
s = ψ(η)
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where η = rP
1
3γ and the functional form of ψ remains to be determined.
From eqn. (4.4.15), we have
Tf = P
γ−1
γ + q
Thus
TfP
1−γ
γ = 1 + qP
1−γ
γ
sf = 1 + qP
1−γ
γ
Thus we get
ψ(RfP
1
3γ ) = 1 + qP
1−γ
γ
Now, Rf as a function of P (t) is obtained from eqn. (4.4.20), since the pressure as a function of time is
known, by plotting the above function for different values of P , the density and the temperature in the burnt
region can be found. Finally, the temperature and density profiles can be summarized as,
T (r, t) =

P
γ−1
γ r > Rf
P
(γ−1)
γ s(r, t) r < Rf
ρ(r, t) =

P
1
γ r > Rf
P
1
γ
s(r, t)
r < Rf
4.4.8 Expression for mass burning rate
In the dimensional form (* is not written for convenience), the burning rate of an unconfined adiabatic
planar flame is given by
M0 = ρuSL =
√
2ρb(λ/cp)B
β2Le−1
e−E/2RTa
where
β =
E
RTa
2 (Ta − T0) =
E
RTa
2
QY0
cp
We make the proposition that the burning rate (M) of a confined adiabatic flame takes the form similar to
the above expression (M0) but the burning rate (M) now depends on the flame temperature Tf instead of
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the adiabatic flame temperature Ta.
M = ρuSL =
√
2ρf (λ/cp)B
βnew
2Le−1
e−E/2RTf
where βnew is the Zel’dovich parameter for the confined case. We also have the equation of state P (t) =
ρfRTf for the confined case and P0 = ρbRTa for the unconfined case where P0 is the atmospheric pressure.
Two different cases for βnew can be argued.
Case 1: βnew doesn’t depend on the local flame temperature, i.e βnew = β
If βnew doesn’t depend on the local flame temperature, then mass burning rate can be written as
M =
(
P
P0
) 1
2
(
Tf
Ta
)− 12
e
(
E
2RTa
− E2RTf
)
M0 (4.4.21)
If we non-dimensionalize eqn. (4.4.21) as outlined before in sec. 2.3.1, we get an expression for the mass
burning rate for the confined case as,
M = P
1
2
(
Tf
Ta
)− 12
e
(
β0
2
(
1
Ta
− 1Tf
))
(4.4.22)
where β0 = E/RT0.
Case 2: βnew depends on the local flame temperature:
If βnew depends on the local flame temperature, we can write
βnew = β
(
Ta
Tf
)2
then mass burning rate in the dimensional form can be written as
M =
(
P
P0
) 1
2
(
Tf
Ta
) 3
2
e
(
E
2RTa
− E2RTf
)
M0 (4.4.23)
If we non-dimensionalize equation (4.4.23), we get an expression for the mass burning rate for the confined
case as,
M = P
1
2
(
Tf
Ta
) 3
2
e
(
β0
2
(
1
Ta
− 1Tf
))
(4.4.24)
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The equations (4.4.22) and (4.4.24) were used to compare the analytical solution with the numerical in
studying propagation of confined planar flames in an unpublished study by Matalon et. al. and it was
observed that with the eqn. (4.4.24), the results more closely matched the numerical solution and hence
that has been adopted here.
4.5 Results and discussion
The numerical simulations were run at σ = 6, β = 10 and Le = 1.0 and for different vessel sizes. These will
be presented here. As can be seen in figs. 4.3 and 4.4, the numerical and analytical solution agree very well
at the vessel size, R = 1000. Also, as seen in fig. 4.3, the confined case is different from the unconfined. In
the confined case, the temperature in the burnt and unburnt region keeps on increasing as time passes, an
effect of the enclosure, not allowing the gases to expand. The marked difference in the velocity profiles of the
confined and unconfined flames can be seen in fig. 4.4, the velocities are negative in the burnt region in case
of the confined flames. The pressure variation with time can be observed in fig. 4.2. Again, the numerical
and analytical solution agree well with each other, the agreement being slightly better at the higher vessel
size of R = 1000. The time evolution of temperature and velocity profiles can be seen in figs. 4.5 and 4.6,
again highlighting the fact that the temperature in the burnt and unburnt regions keeps on increasing and
the flame behavior which is initially similar to the unconfined case changes as the flame size increases. This
can be seen in the velocity profile evolution as well. As the flame size increases, the velocity profile which
initially is close to that of an unconfined flame, i.e. zero in the burnt region and then decaying from a peak
in the unburnt region, changes and shows increasing negative peak value in the burnt region and diminishing
positive extreme at the flame on the unburnt region. The most important figure that highlights the difference
between unconfined and confined flame is fig. 4.7. At higher flame sizes, i.e. at lower stretch rate values,
the confined flames show a different behavior than the unconfined and the normalized consumption speed
starts to drop as the flame approaches the vessel boundaries.
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Figure 4.2: Pressure vs time at two different vessel sizes
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Figure 4.3: Temperature profile at two different flame locations
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Figure 4.4: Velocity profile at two different flame locations
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Figure 4.5: Evolution of the Temperature profile for the numerical solution
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Figure 4.6: Evolution of the velocity profile for the numerical solution
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Figure 4.7: Normalized Consumption speed vs stretch rate for different vessel sizes
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Chapter 5
Conclusion
In the present study, the objective was to see how closely the numerical solution that accounts for a finite
rate chemistry throughout the domain matches the hydrodynamic theory of premixed flames that treats the
flame region as a discontinuity and models the reaction rate as a delta function. To that end, the spherically
symmetric flames expanding outward were studied in the unconfined and confined scenarios.
The numerical formulation was presented in the non-dimensional form with simplifying assumptions. Then
the unconfined (characterized by constant pressure) and confined (characterized by pressure building up with
time) scenarios were dealt with. The solution profiles, like temperature, species concentration, flow field were
observed to show exceptional agreement with the results from hydrodynamic theory. In the unconfined case,
the flame displacement speed was also observed to find excellent agreement with the theoretical prediction
across Lewis numbers, though the match was better for Lewis numbers close to unity. In the confined
scenario, better match was had between the theory and numerical model in case of vessels with larger
sizes.
In the unconfined scenario, the flame displacement speed was observed to go to a constant value as the flame
size grew larger, at all Lewis numbers studied, which was not the case in the confined scenario. It was also
observed in the confined case that the thickness of the flame region reduces and the maximum reaction rate
increases as the flame size increases. Also, in the confined case, the linear dependence between propagation
speed and the stretch rate is observed only initially and as the flame grows larger, i.e. at small stretch
values, the curve diverges from the linear relationship and the flame size at which this happens is suspected
to depend on the size of the vessel. It was also observed that the iso-surface within preheat zone which
is used to define the flame location affects the dependence of displacement speed on stretch rate (i.e. the
Markstein length) and that the Markstein lengths were less sensitive to the choice of the iso-surface as that
surface was closer to the burned region.
In conclusion, the hydrodynamic theory was observed to be a very good approximation to the problem in
both confined and unconfined scenarios.
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Appendix A
Flame speed parameter
A.1 Eigenvalue problem formulation
The flame speed parameter sL is found as a solution to the following eigenvalue problem, the details about
which can be found in [18]. This problem describes the form of a planar adiabatic flame propagating at a
constant speed SL along positive x axis.
θ′ + θ′′ = −ω (A.1.1)
Y ′ + Le−1Y ′′ = ω (A.1.2)
where,
ω =
β2
2s2LLe
Y
1 + q
1 + qθ
exp
(
β(θ − 1)
(1 + qθ)/(1 + q)
)
(A.1.3)
subject to,
As x→∞
θ = 0 Y = 1
and as x→ −∞
θ′ = 0 Y ′ = 0
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A.2 Numerical Procedure
A.2.1 Finite difference formulation
Numerically, the infinite domain was simulated by a finite one and the domain was divided into N+1 equally
spaced grid points. The eqns. A.1.1, A.1.2 were discretized using second order finite differences. Here, n
denotes an arbitrary step in the solution process.
θni+1 − θni−1
2∆x
+
θni+1 − 2θn+1i + θni−1
(∆x)2
= −ωni (A.2.1)
which can be re-arranged to give
θn+1i =
1
2
(
θni+1 + θ
n
i−1 + (∆x)
2
(
ωni +
θni+1 − θni−1
2∆x
))
(A.2.2)
and similar expression can be derived by discretizing eqn. A.1.2.
Y n+1i =
1
2
(
Y ni+1 + Y
n
i−1 + Le(∆x)
2
(
−ωni +
Y ni+1 − Y ni−1
2∆x
))
(A.2.3)
Successive over relaxation was used to correct the θn+1i and Y
n+1
i thus obtained according to the following
equations.
θn+1i = RFθ
n+1
i + (1−RF )θni (A.2.4)
and similar expression exists for Y .
Y n+1i = RFY
n+1
i + (1−RF )Y ni (A.2.5)
where RF is the successive over-relaxation parameter.
46
A.2.2 Boundary conditions
The boundary conditions on the derivative at x → −∞ were implemented using one-sided first order finite
differences. Effectively,
θ1 = θ2 Y1 = Y2
θN = 0 YN = 1
A.2.3 Pseudo-code
The following procedure was used for realizing the numerical formulations explained in the section above.
The eigenvalue s2L will be referred to as λ in this discussion.
Set up the initial conditions for θ, Y profiles over the domain and λ and RF values
while {error is greater than tolerance}
{
 Calculate ωn as per A.1.3 using θn, Y n and λn
 Calculate θn+1, Y n+1 using eqns. A.2.2 and A.2.3
 Calculate the corrected values θn+1, Y n+1 using eqns. A.2.4 and A.2.5
 Apply the boundary conditions on the corrected values, θn+1, Y n+1 as per sec. A.2.2
 Specify θn+1∗ at some location x∗ in the domain
 Calculate λn+1 by eliminating ω using eqns. A.1.1 and A.1.3 at x∗, derivatives calculated as in eqn.
A.2.1
 Calculate the error (which is based on errors in θ, Y and λ)
 Copy the values of θ, Y and λ from step n+ 1 into step n to be in a position for next iteration
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}
end while
sL is then obtained as
√
λn+1.
A.3 Results
The following plot illustrates the variation of the flame speed parameter obtained as a solution of the
eigenvalue problem above, as a function of the Lewis number Le at different values of the thermal expansion
parameter.
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Figure A.1: sL Vs. Le at β = 10
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